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Abstract. We establish a geometric condition that determines when a type 
III von Neumann algebra arises from a foliation whose holonomy becomes 
affine with respect to a suitable transverse coordinate system. Under such an 
assumption the Godbillon-Vey class of the foliation becomes trivial in contrast 
to the case considered in Connes's famous theorem. 



1. Introduction 

To each foliated manifold {M ; F) , one can associate a von Neumann algebra 
W{M; F) of bounded operators labeled by the leaves of the foliation F. In [S] 
Connes showed that for any transversely oriented codimension 1 foliation (M; F) 
that has nontrivial Godbillon-Vey class, the algebra W{M; F) has a type III direct 
summand. 

In this paper we investigate foliations whose holonomy maps are affine with re- 
spect to a suitable transverse coordinate system. When a foliation (M; F) satisfies 
this condition, one can in particular deduce the vanishing of the Godbillon-Vey 
class. Under this assumption the transverse fundamental class of (M; F) becomes 
invariant under the modular automorphism, and the cohomology class on the man- 
ifold corresponding to it is given by the "gradient" 1-form of the transverse density. 

2. Transverse fundamental class and the modular group of 
transversely affine foliations 

In the following we assume that all the manifolds and the foliations are smooth 
and oriented unless the contrary is explicitly stated. See [5] for the basic definitions 
and notations on foliation algebras. 

2.1. Definition and elementary properties of tiie transverse fundamental 
class. Let M be a manifold of dimension n, F a, foliation of dimension p and 
codimension q on M . In the following we assume that M and F are oriented, F 
is smooth and defines an ergodic equivalence relation on M unless the contrary is 
explicitly stated. 

Definition 1. ([IJ) The foliation F is said to be transversely affine when there 
exists a covering of M by foliation charts with respect to which the holonomy maps 
become affine transformations. 
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Let G denote the holonomy groupoid Hol(i\f ; F) of {M;F). One then has the 
smooth convolution algebra A — C^{G, 515 ) on G. Let H he a, subbundle of TM 
complement to F. Then we have the transverse fundamental cocycle [G], that is a 
cyclic g-cocycle on A given by 

(1) ifj\...,n^ jTrifdHf-'-dHn. 

where the integral is taken in the transverse direction. 

Remark 2 . As noted in |6j , for general foliations one needs to consider the algebra 
M2A instead of ^ to overcome the failure of the holonomy invariance of vector fields 
tangent to H. However, for a transversely affine foliation there is a preferred choice 
of namely the subbundle associated to the linearizing transverse coordinate 
system. For this choice of H the expression [1] gives an actual cyclic g-cocycle over 
A. 

Remark 3. Let T be a transversal for F. By the ergodicity assumption on F, we 
may assume that it is contained in one foliation chart. Hence we may assume that 
there is a coordinate system (a;i, . . . , Xq) on the whole T with respect to which the 
restricted holonomy maps of F on T are affine. 

For each transversal T, the restricted groupoid Gt = {7 G G | r^, 57 G T} is an 
etale groupoid over T. Its smooth convolution algebra C^{Gt) is strongly Morita 
equivalent to A. The transverse fundamental class over Gt is given by the cyclic 
g-cocycle 

Suppose T is contained in a foliation chart as in the previous remark. Let 
) be a transverse coordinate system on T. The volume form of this 
coordinate system determines a density on T. One derives a homomorphism 

S: Gt->M,%) = J^. 

ax 

This determines a 1-parameter group at on G^{Gt) by <Jt{f){7) = ^{iT* fil)- 

Remark 4. As noted in [3], that a extends to the modular automorphism of the 
von Neumann algebra of (M; F). The generator 

CTtf - f 

Df = lim — 

t~^o it 

of a is given by the multiplication by the logarithm of 5 as follows: D.flj) = 
log(<5(7))/(7). 

Proposition 5. The transverse fundamental class (p on C^{Gt) is invariant under 
the modular automorphism at associated to x. 

Proof. As in [5J, the time derivative of at<j> is given by 



E / */°(7o)/^'(7,)rflog<5(7,)rf/'(7i)---rfP"(7,)---dr(7,) 

J2 log^(7,)/°(7o)d/\7,)---rfr(7,), 
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where df^ denotes the omission. By assumption S{'-f) is constant along transverse 
movement, hence d\og6{'jj) = for each term in the first part. For the second part, 
7o ■ ■ ■ 7q ^ T imphes S{'-fo ■ ■ ■ Iq) — 1 ^md ^ logS^jj) — 0, hence it is also zero. □ 

Remark 6. When the codimension 1 foliation {M;F) is transversely afline, the 
Godbillon-Vey class GV G H^{M) that corresponds to the time derivative cj) of 
f I— > (7*0 at i = 0, vanishes. 

Example 7. Suppose A e SL2'Z is a hyperbolic matrix, i.e. it has two distinct 
positive real eigenvalues 0<A<1<A^^. The linear transformation A : ^ 
preserves the lattice and induces a transformation A : ^ on the 2-torus 
T2 =. (R/Z)2. 

This action preserves the following foliation on T^: let u, v be eigenvectors of A 
respectively corresponding to A and A^^. They determine tangent vectors in TpT^ 
at each point p of . The subspaces Ru C TpT^ for p G T'^ define a foliation Fu 
on T^. This is a Kronecker foliation. 

Let p be a holonomy invariant transverse measure for (T^;i^[^). For example p 
is represented by the usual angular measure on a transversal T ^ x {pt} C T^. 
By Av = X~^v, A scales p by A. Note that, on the other hand, A preserves the 
usual Haar measure and the fundamental class of T^. 

The von Neumann algebra W{T'^;Fu) of the foliation F„ is amenable of type 
IIoo with a normal trace Tp determined by p. The matrix A scales this normal 
trace by At = At. Thus the crossed product algebra W{T'^;Fu) is of type IIIa 0- 
This crossed product algebra is represented by the mapping torus foliation of the 
dynamical system (T^; F„) -r\A let denote the mapping torus x R/(p, s) ^ 
{Ap, s + 1), F the fohation induced by F„ x TR on x R. The image of the 
transversal T for (T^,F„) in x {0} C is again a transversal to F and the 
holonomy maps are represented by local linear maps with respect to the standard 
angular coordinate on T. 

2.2. The dual cocycle of the transverse fundamental class. Let C^(Gt) x^r 
R be the crossed product of C^{Gt) by a. As a topological vector space it is the 
space of the C^(G'T)-valued Schwartz class functions on R. The product is given 
by the twisted convolution (/ * g)\ — //if/xCffi/)- Since is invariant under 

(T, we obtain its dual q-cocycle [7] 

(2) 0(fO,...,C^)= / 0(C,,'TA„ei,,---,'^Ao + ... + A,_,a,) 

JXoA hA,=0 

on ^ X o- R. We are going to construct ct- invariant measures on the flow of weights 
of W{AI ; F) by means of this cyclic cocycle. 

Definition 8. Let Gt x^ R denote the groupoid defined as follows: 

• its object set is the direct product GSJ, x R = T x R. 

• its morphism set is again the direct product Gt x R, with the source map 
given by 3(7, t) — (57, t) and the range map by r(7, t) = {r^, t + log 6^). 

Via the Fourier transform 
S{Gt X5 R) is isomorphic to ^ x^ R. 



This is also a consequence of [2]. 
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Remark 9. The above groupoid Gt is given by the action of Gt on the total space 
of the (positive) density bundle A'^t^ over T. For each x e T, the fiber {A'^t^)x 
over X is given by the linear maps of AT^; into R which respect the orientation. 
This is a closed manifold of the total space of the transverse density bundle A'r* 
over M, which is again a principal bundle over M. 

The tautological action of the holonomy groupoid G on A'r* defines a foliation 
Fu of codimension g + 1 on the {n + l)-dimensional manifold A'^r*. The closed 
submanifold A'r^ is a transversal with respect to this foliation, while the algebra 
C^{Gt x K) is identified to the corresponding restricted groupoid algebra. 

Lemma 10. The q-cocycle (j) is equivalent to the following q-cocycle tp 

Hf, ■■■,n= fdt f f^df^^ A • • • A dfi 

JR Jjo---lqeTx{t} 

on C^{Gt XI K). 

Proof. Let . . . , be elements of ^XcrK, /■' G C°°{G yigM) the Fourier transform 
of ^-^ for < j < (7. In terms of /" and the partial derivatives of /■' , (f) is expressed 
as the following (7-cocycle 

For each j G Sg, the corresponding term 

nMj^h^i] ■ ■ ■ -^f''[\]dx,, ■ ■ ■ dx,^ 

Ao + --- + A,=0 (J^3i OXj^ 

is the convolution product at A = of the Fourier transforms of /° and dj^,f^ 
{1 < k < q). Thus it is equal to the Fourier transform at A = of their products, 
namely, 

dtf 'ijo)^ ^ — —dxi ■ --dxq. 

Combining all these terms for j G 6g, we obtain the assertion. □ 

Definition 11. (c.f. [S]) A cyclic /c-cocycle over a pre-C*-algebra A is said to 
be anabelian when the (k + l)-linear map 

ijg: : (/«,...,/'=) 

is again a cyclic fc-cocycle on A for any element g in the center Z{M{A)) of the 
multiplier of A. 

Lemma 12. In order for a cyclic q-cocycle ip to be anabelian, it is necessary and 
sufficient to have 'ip{g, f^ , . . . , f) = for any g G Z{M{A)) and f^ G A for 
1 < J < 9- 

Proof. First let us show that the assumption of the lemma implies the following 
equality for any element g G Z{M{A)): 

(3) 

By the cyclic cocycle condition on ip, this is equivalent to ip{g, f^, ■ . ■ , /^) — for 
any g G Z{M{A)), f^ G A. Indeed, when this is satisfied, by the cyclicity condition 
we have 

^{f,...,r,gJ°,...,f'-')^0 
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for any j. Together with the cocycle condition 

imphes the equahty Q. 

The cocycle property of 4'g follows from that of ip and the fact that g commutes 
with any element of A. On the other hand, the cyclicity property is an immediate 
consequence of the equality ([3]). □ 

Definition 13. Let denote the kernel {7 G Gt \ S{'y) — 1} of the groupoid 
homomorphism S : Gt R- We call the unimodular part of Gt- 

Proposition 14. Suppose that the unimodular part G^ acts ergodically on T . Then 
the cocycle is anabelian. 

Proof. Let g be an element of the center of M {C^ {Gt K.)). It is represented by 
an Ginvariant function on T x M. By ergodicity assumption the "restriction" of 
this function to T x {t} is some constant q{t) for each t G R. Then we can express 
i^{gJ\...,P)&s 

^P{gj\...,n= [dt [ g{t)df---dr. 

Jt JTx{t} 

For each t G M, the integral g{t) Jg^rp df^ ■ ■ ■ df of a closed form is equal to 0. □ 
Thus for each g in the center of W{M; F) x^. K, we obtain a cyclic g-cocycle 

Remark 15. The q-cocycle ipg over C^{Gt x R) is given by the invariant 1-form 
g{t)dt. By iSj, V'g is a g-trace for any g. 

Consequently for each u G Ki{C*{M\F) x^. R) we obtain a linear map g 1— > 
{ipg,u) over Z{W{M;Fu)). This measure over the flow of weights is invariant 
under because of the 0-invariance of ip. Note that when G^ acts ergodically on 
T, the center of W{M; F) is trivial as its elements are represented by GT-invariant 
functions on T. To summarize, we have proved the following proposition: 

Proposition 16. Let {M, F) be a transversely affine foliation whose unimodular 
part is ergodic. When the dual class -tp = (f> of the transverse fundamental class 
pairs nontrivially with Kq{C* {Gt x R), the factor W{Ad^F) is of type III. 

2.3. Geometric cohomology class corresponding to the dual fundamental 
class. Let be a cr-invariant cyclic q-cocycle on A. Then, we get a new cyclic 
{q + l)-cocycle io^i determined by 

iD4>{fdf^ ■ ■ ■ df'^+') = J2 i-^VHfdf ■ ■ ■ df^-'Df^df^+' ■ . • dr+i). 

l<j<g+l 

By [3] (j) 1-^ iocf) is compatible with the Connes-Thom isomorphism 'if : K^,{A) - 
K^:+i{A Xo- R) in the iC-theory. Together with the Morita equivalence ^ R — 
C*{M; Fu), for any x G Kq+i{A) one has 
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Now we are going to seek an geometric representation oiioip- To this end, we em- 
ploy the transformation $ of 6 from the periodic cycUc cohomology HP^ {C°° (M; F) 
to the usual cohomology ®kH^^'^^''^^{M) with complex coefficients, which is given 
as the composition of the natural projection HP* [Am) — > H*{BG) of the cyclic 
cohomology to the cohomology of the classifying space of G and the puUback map 
H*{BG) -> H*{M) induced by the classifying map M BG. 

This operation allows us to check if the cyclic (q + l)-cocycle i/^^ is nontrivial. 
Specifically, we have the assembly map fi : K°^{BG) Kf){C*{AI;F)) that is 
compatible with $ and the Chern character c/it,* : K'^ *{BG) H^{M) in homol- 
ogy: 

{iD(t>,lJ'X) = {^{iD4>),chr,*x). 

Thus the cyclic cocycle pairs nontrivially with Kq{A xi M) when the cohomology 
class <^{iD4>) is not zero. 

The localization of the periodic cyclic cohomology over open sets f6l allows us to 
investigate an explicit cocycle corresponding to For each open set U of A/, 

put Au = C^{U;F\ij)- The assignment of the periodic cychc cohomology group 
HP*{Au) to each open set U defines a sheaf on M . 

Remark 17. Recall that, as in Remark [9l we have a manifold A'^r* of dimension 
n -\- \ endowed with a foliation F^ of codimension g -f 1. This foliation, combined 
with the action of the structure group Mljl on the fibers of the projection A'^r* M 
determines a foliation F' of codimension q on A^r*. The algebra C^{A'^t*;F') is 
Morita equivalent to C^{M; F). 

Let (xi, . . . ,Xq,y) denote the standard coordinate of x R^. Thus Xj runs 
through R for I < j < q while y runs through R^. The choice of a covering {Ui)i 
of M by foliation charts on T determines a groupoid homomorphism g of ]Jj ^ G^', 
into the diffeomorphism group Diff(R'?) of R^. We identify R« x R+ with the total 
space of the positive density bundle {A''T*W)+. Thus the group Diff (R«) acts on 
W X R^ by 

g.{xi, ...,Xq,y)^ {gixi, ■ ■ ■ 

The differential forms (or, any other geometric objects) on R"* x R^ which are 
invariant under g can be pulled back to A'^r*. 

When the foliation is transversely affine, the cocycle g can be reduced to the 
affinc transformation group. Let dt denote the closed 1-form ^ on R' x M^. This 
is invariant under g, and defines a closed 1-form again denoted by dt on A'^r. 

Definition 18. An open set U in AI is said to be straight when we have a complete 
transversal T m U with trivial holonomy for F\u. 

Remark 19. As any foliation chart is always straight, M admits an open covering 
by straight open sets. 

Let J7 be a straight open set. The choice of the complete transversal T in J7 
determines a "t-coordinate" t on the leaves oi F\ij such that T becomes the set 
of the points whose ti coordinate is equal to 0. This gives a Morita equivalence 
Ajj ~ Cc{T) (g) /C(R), where A;;(R) denotes the algebra of smooth functions in two 
real variables endowed with the convolution product. 
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Let 77 denote the cyclic 1-cocycle on /C(M) defined by 

Vifj')^ [ f{t,t')f\t',t){t~t')dtdt'. 

Lemma 20. Let U be a straight open set in M with complete transversal S, and 
[Gu.s] the transverse fundamental class of the restriction algebra Ajj- Then the 
{q + l)-cocycle «_d[G[/,s] on Ajj is equivalent to the cup product [S']#?7 on C^{S) (E) 
/C(R). 

Proof. The Morita equivalence between Au and C^{S) ® /C(M) reduces to the 
equivalence of the holonomy relation on U ~ 5* x K and the relation on S* x M 
whose equivalence classes are of the form {s} x R for s € S. 

Let 7 be an F\u holonomy on U of the source x the range y. Then we can 
consider the i-coordinate tx-, ty of x and y. On the other hand we have a unique 
point s in 5 that is on the same F\ij-leaf as x and y. Then 7 corresponds to 
{s,tx,ty) Gse5xMxIR. The difference ty — tx of the second component ("t- 
coordinate") of the endpoints of a holonomy 7 is exactly equal to log (57. □ 

Proposition 21. With the notation as above, we have '^{iD'j)) — dt in the non- 
compact support de Rham cohomology. 

Proof. We use two triple complexes of [6j which relate the periodic cyclic cohomol- 
ogy HP*{Am) to the Cech cohomology H{M; C). Let {Ui)i^i be a covering of M 
by straight open sets. We suppose there is a total ordering on the index set /. 
First, we have a triple complex 

il<---<ic 

where Vl),{U) denotes the ^c/-bimodule {A^^ © A^'"^^^)' . This triple complex 
gives a resolution of the [B, 5)-bicomplex of Am- 
On the other hand we have another triple complex 

r,aAc^ -Q n • • • n [/.J 

n<-<ic 

where ^^.{U) denotes the space of F[/-holonomy invariant transverse currents on U . 
We have a map : Q.'l.{U) — > Vl^{U) for each k and U . Note that under the linear 
holonomy assumption we do not need to handle the matrix algebra Au ® M2(C). 

For each is/, let Ti be a transversal in Ui. The (g+l)-cocycle iocf) is represented 
by the family 

{iD[GT,]\ei 

By Lemma [20l under the identification Au, ^ C^{Tt) /C(R), ioiGr,] corre- 
sponds to the cup product [Ti]#r/. 

On the other hand, rj represents the trivial class in the first cyclic cohomol- 
ogy group HC^{JC{M.)). It can be written as Brjo where ryo is defined by ryo(/) = 

f(t,t)tdt. Let (j) be the transverse fundamental current. Then is cohomolo- 
gous to the Cech 1-cocyclc {(f>if{ti — tj)ij) G {V,p{Uij)). 

Thus we are led to the 1-cocycle {{ti — tj)(f>)ij £ Ylij ^i{Uij) as another rep- 
resentation of i_D</). This lies actuary in the subspace Yiij H^Uij. It represents a 
1-cocycle in the Cech complex of the orientation sheaf of r. This corresponds to 
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the 1-cocycle {ti — tj)ij in the Cech complex of the constant sheaf of C, which is 
equivalent to the de Rham cohomology class represented by the 1-form dt. □ 

Theorem 22. When the cohomology class dt G H^{M) is nontrivial, the von 
Neumann algebra W{M;F) is of type III. 

Note that the cohomology class of the 1-form dt is independent of the choice of 
the transversal T. 

2.4. Determination of A in the case of type IIIa foliation algebra. When 
the algebra W{M; F) is of type IIIa, the pairing of the (g+ l)-cocycle iui^ with the 
-ftT-group retains the value of A. 

Definition 23. The submanifold 

f = {r7|7e G'",s7eT} 

of M is called the unimodular span of T . 

The unimodular span T is a submanifold in M of codimension 1 which is trans- 
verse to the flow 9. Let Xg be the vector field on M that generates the flow 6*, 
dt the 1-form on M characterized by {dt, Xg) — 1 and {dt, X) ~ for the vectors 
tangent to T. 

Proposition 24. The subgroup {i),Kq{C*{GT x<tM))) = {iD<t>: Kq+i{C* {M; F))) 
o/M contains log(A). 

Proof. Let N be the unimodular span of the transversal T. The flow 9\ de- 
termines a self map / of N. This map preserves the fundamental class of N 
while M is equivalent to the mapping torus Mf of N. There is a compact sup- 
port cohomology class c G H'^^^{M) which is an integer coefficient cohomology 
class. The cohomology class Td(Tc) U c can be expressed as chr.*{x) for some 
X e K''\F*). Since the constant term of the Todd class Td(rc) is 1, we have 
{iD(j},fiix)) ^ {dt,cn[M]} = -\ogX. □ 

Remark 25. Let K{M;F) be the K-set of Moriyoshi [8. , which is a geometrically 
defined subgroup of M. Proposition [24l establishes the conjectured equivalence 

log(^(M^*(M; F)) \ {0}) = K{M; F) 

of the S-set S(W*{M; F)) of the foliation von Neumann algebra when F is trans- 
versely afhne. 

See [8] for the notations ui, k^, and H. The F-basic differential forms of [8] 
are exactly the holonomy invariant transverse differential forms. The existence of a 
transverse coordinate with respect to which the holonomy maps becomes affine im- 
plies the existence of i^-basic g-form uj on M. The group cocycle logp^^ corresponds 
to the time derivative of the transverse fundamental class under the modular au- 
tomorphism. In fact it is enough to have a transversal T with a coordinate system 
{xi, . . . ,Xq) such that the action of the reduced groupoid Gt becomes affine. Then 
the volume form on T with respect to the coordinate system x becomes projectively 
invariant under Gt- Note that in the proof of Proposition [5] only the projective in- 
variance of the transverse density is utilized to show the invariance of the transverse 
fundamental class under modular automorphism group. 

The first cohomology class k^ — [logpc^] G H^{M) is equal to the class of the 
1-form spectram in Proposition [21] On the other hand, the wedge products of the 
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holonomy invariant transverse 1-forms with the cohomology class c in the proof of 
Proposition [24] are all 0, since the tangent space of the unimodular span N and Fx 
generate T^M at each point x ^ N. 
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